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Feel Yourself a Student!
Dear friends, | would like to give to you an interesting and reliable antenna theory. Hours searching in the web
gave me lots theoretical information about antennas. Really, at first | did not know what information to choose
for ANTENTOP. Finally, | stopped on lectures “Modern Antennas in Wireless Telecommunications” written by
Prof. Natalia K. Nikolova from McMaster University, Hamilton, Canada.
You ask me: Why?
Well, | have read many textbooks on Antennas, both, as in Russian as in English. So, | have the possibility to
compare different textbook, and I think, that the lectures give knowledge in antenna field in great way. Here first
lecture “Introduction into Antenna Study” is here. Next issues of ANTENTOP will contain some other lectures.
So, feel yourself a student! Go to Antenna Studies!

I.G.
My Friends, the above placed Intro was given at ANTENTOP- 01- 2003 to Antennas Lectures.

Now | know, that the Lecture is one of popular topics of ANTENTOP. Every Antenna Lecture
was downloaded more than 1000 times!

Now | want to present to you one more very interesting Lecture 16- it is a Lecture Linear
Array Theory- Part Il. | believe, you cannot find such info anywhere for free! Very interesting
and very useful info for every ham, for every radio- engineer.

So, feel yourself a student! Go to Antenna Studies!

I.G.

McMaster University Hall Prof. Natalia K.
Nikolova
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Linear Array Theory- Part Il
Linear arrays: Hansen-Woodyard end-fire array, directivity of a linear array, linear array pattern

characteristics — recapitulation; 3-D characteristics of an N-element linear array. ...
by Prof. Natalia K. Nikolova
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LECTURE 16: LINEAR ARRAY THEORY - PART II
(Linear arrays: Hansen-Woodyard end-fire array, directivity of a
linear array, linear array pattern characteristics — recapitulation;
3-D characteristics of an N-element linear array.)

1. Hansen-Woodyard end-fire array (HWEFA)
One of the shortcomings of end-fire arrays (EFA) is their
relatively broad HPBW as compared to broadside arrays.
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Fig. 6-11, pp.270, Balanis
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To enhance the directivity of an end-fire array, Hansen and
Woodyard proposed that the phase shift of an ordinary EFA
B =*tkd

be increased as:

ﬁ=—(kd+%) for maximum at & = 0° (16.1)

2.94 .
B= +[kd +ng for maximum at 6=180°  (16.2)

Conditions (16.1)—(16.2) are known as the Hansen — Woodyard
conditions for end-fire radiation. They follow from a procedure for
maximizing the directivity.

The normalized pattern AF,, of a uniform linear array is:

sin{g(kd cos @ + [)’)}
AF, ~—% (16.3)
5(kdcost9+ B)

if the argument y = %(kd cos@+ f3) is sufficiently small (see

previous lecture). We are looking for optimal £, which would
result in maximum directivity. Let:

p=-pd (16.4)

where d is the array spacing and p is the optimization parameter

A;d(kcosé’—p)}

sin[
= AF, =
NTd(kcosé’—p)

Assume that Nd /2 = q; then

AR = sm[q(kd cos@ — p)]
q(kdcos@— p)

(16.5)
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sin Z

or AF, = ; where Z=q(kdcos@—p)

The radiation intensity:
sm 7

U@ = > (16.6)
Z
, 2
U@ =0)= m[q(k_p)] 16.7)
q(k—p)
: 2
U,(6)= oo ={ 2] (168
U@=0) (sinz Z

where:

=4(k-p)
Z=q(kcos@—p), and
U, (@) - normalized power pattern with respect to 8 =0°.

Directivity at 8 =0°:
4 -
Dy =—~ UP(Q 0 (16.9)

rad

where P, = CﬁDU (6)d€2. To maximize the directivity, the

quantity U, = /4 will be minimized.

rad

sinZ
Up=-— H[ } sin0dOdeo (16.10)

sin Z

2 . 2
U =l[i] [ sin| q(kcos6 - p) | sinfd6 (16.11)
O 2sinz | a(kcosé-p)

1 Tr cos2z—1 |
:_[LJ [—+;+Si(2z)}=—g(2) (16.12)
2kg\sinz ) | 2 2z 2kq
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Here, Sl J‘Sl—mdr The minimum of g(z) occurs when
q(k—p)=-147 (16.13)
:NTd(k p)=—147
:>N§k—Ndp=—l.47, where dp=-p
:%(dk+,8):-—1.47
2.94 2.94
B __T_kd ——(kd+Y] (16.14)

Equation (16.14) gives Hansen-Woodyard condition for improved
directivity along @ =0°. Similarly, for 8 =180°:

2.94
B=+ (—9 +kd] (16.15)
N
Usually, conditions (16.14) and (16.15) are approximated by:
ﬂzi(kd—k%) (16.16)

which is easier to remember and gives almost identical results
since the curve g(z) at its minimum is very flat.

Conditions (16.14)-(16.15), or (16.16), ensure minimum
beamwidth (maximum directivity) in the desired end-fire direction
but there is a trade-off in the side-lobe level, which is higher than
that of the ordinary EFA. Besides, conditions (16.14)-(16.15) have
to be complemented by additional requirements, which would
ensure low level of the radiation in the direction opposite to the
main lobe.
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a) For a maximum at € =0°:

2.94
Yoor =
B=—| ks 222 N (16.17)
N ), 2.94
0 Wiy =—2kd ~

In order to have a minimum of the pattern in the 8 =180°
direction, one must ensure that:

W lg_yg0o= 7, (16.18)
It is easier to remember Hansen-Woodyard conditions for
maximum directivity in the & = 0° direction as:

lyl, .= i /4

View="N = (16.19)

Y lg_150o= 72,

b) For a maximum at & =180°:
v 294
94 0=180°
Bt o N (16.20)

WH:OC — 2kd 'i‘T

In order to have a minimum of the pattern in the 8 =0’
direction, one must ensure that
\W o=, (16.21)
One can now summarize Hansen-Woodyard conditions for
maximum directivity in the € =180° direction as:
294 &
ly | —

180" NN (16.22)
lyl,_ =7

If (16.18) and (16.21) are not observed, the radiation in the

opposite of the desired direction might even exceed the main beam
level. It is easy to show that the complimentary requirement of
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|y |= 7 at the opposite direction can be met, if the following

relation is observed:
d= [Mji (16.23)
N )4
If Nis large, d = A/4. Thus, for a large uniform array, Hansen-

Woodyard condition can yield improved directivity, only if the
spacing between the array elements is approximately A/4.

Solid line: d =A1/4
Dotted line: d = A/2
N=10

,B:—(der%)
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2. Directivity of a linear array

2.1. Directivity of a BSA
- 2

, sin(g]kdcosﬁ] P

U@®)=|aF,| =| — {S‘“ } (16.24)

—kd cos @ Z
- 2 —
D, = 472'&:& (16.25)
R‘ad Uav
where:
U :P*’_mf

ay
4r
The radiation intensity in the direction of maximum radiation
@ =m/2 in terms of AF, is unity:

Up=Upm =U(0=7/2)=1

— ~ max

1
The radiation intensity averaged over all directions is calculated as:
2
| 2 |z Sin[];kdcosé’]
U, =— | [—5—sin6d6dp=—| = sin6d6
oo Z 2% Ekdcosé’
Change variable:
N N
Z:Ekdcosﬁde:—EkdcosﬁdQ (16.27)
_Nikd
A 4 2 i 2
U, =L 2 [ goosfdg = -2 | [sz ) dZ (16.28)
2L Z 2N kd y, \ Z

2
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Nkd
2 : 2
o= | (szj dz (16.29)
Nkd 3.\ Z

2

i

Z
The function, (%] , 1s a relatively fast decaying function as Z

increases. That is why, for large arrays, where Nkd /2 is big
enough (= 20), the integral (16.29) can be approximated by:

wo s N2
B s j[st) 47 = (16.30)
Nkd |\ z Nkd
Dy :de:ZN[ij (16.31)
u, =« A
Substituting the length of the array L= (N —1)d in (16.31) yields:
Lild
Dy=2{14+— | — 16.32
=21+5)3) s
\_..V,_/
N
For a large array (L>d):
Dy =2Lih (16.33)

2.1 Directivity of ordinary EFA
Consider an EFA with maximum radiation at 8 =07, i.e.

B=—kd.
- 52
N
Sin[kd(cosﬁ—l)} Yy
U (6)=|AF, = N2 > =(S'"Z] (16.34)
[zkd(cosﬁ—l)} z

where: Z = %ka’(cos&—l).
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P sinZ sinZ
i, == sin@dlédo =— sin@de@
L J[ ] o=1 j[ ? ]

dr  4rx 4 5
Again, change of vanables is used:
N N
Z:Ekdcosﬁde:—EkdcosﬁdQ (16.35)
T 2 ~Nkd / . 2
Uav:'*ij(mnzj dcosé’:—-li I (szj dZ
ek Z 2 Nkd Z
| N2
w = [Sm ]dz (16.36)
Nkd o\ Z

If (Nkd) is sufficiently large, the above integral can be
approximated as:

1 %(sinz)’ 1z
U, = j( ] dZ = (16.37)
Nkd 3\ Z Nkd 2
1  2Nkd d
= Dy=—= - 4N(—j (16.38)
av T /1

It is seen that the directivity of an EFA is approximately twice as
large as the directivity of the BSA (compare (16.38) and (16.31)).
Another (equivalent) expression can be derived for D, in terms of

the array length L=(N-1)d :

L ¢
D,=4|1+—| = 16.39
=% o
For large arrays, the following approximation holds:
Dy=4L/4 it L:=>d (16.40)

www.antentop.org Page-14




ANTENTOP- 01- 2014, # 018 Linear Array Theory- Part Il

2.2 Directivity of HW EFA
If the radiation has its maximum at @ = 0°, then the minimum
of U, was obtained as (16.12):

grin =L 2 Zmin |\ Z L COSCZwn) =l 07y l6.41)
2k Nd | sinZ_;, 2 2Z

where:

min

Z. =—147=-2Z
2

min

2
grin = L (ZVIZ L2 185159878 (1642
Nd\2) |2 = Nkd

D, = : e :1.789[4]\/(1]} (16.43)
A

U™ 0.878

av
From (16.43), one can see that using HW conditions leads to
improvement of the directivity of the EFA with a factor of 1.789.
Equation (16.43) can be expressed via the length L of the array as:

el e ] o

Example: Given a linear uniform array of N isotropic elements
(N=10), find the directivity D, if:

a) f=0 (BSA)

b) f =—kd (Ordinary EFA)

¢) B =—kd - % (Hansen-Woodyard EFA)
In all cases, d = A/4.

a) BSA
D, =2N (%] =5 (6.999 dB)
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b) Ordinary EFA
Dy :4N[%j:10 (10 dB)

c¢) HW EFA

D, :1.789[41\([%]}:17.89 (12.53 dB)

3. Pattern characteristics of linear uniform arrays - recapitulation
A. Broad-side array

NULLS (AF, =0):

e, :arccos[iigj, where n=1,2,3,4,... and n# N,2N,3N,.

MAXIMA (AF, =1):

6, = arccos (i%ﬂ], where m=0,1,2,3,...

HALF-POWER POINTS:
1.3914

7t Nd

6, = arccos[i ], where %d <1

HALF-POWER BEAMWIDTH:
20, = 2{;— arccos( 1 '3911]} L) <1

T Nd A
MINOR LOBE MAXIMA:
6, = arccos ii 2S+l] , where s =1,2,3,... and E—d<<1
2d\ N A
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FIRST-NULL BEAMWIDTH (FNBW):

al, = Z[Z — arccos (iﬂ
2 Nd

FIRST SIDE LOBE BEAMWIDH (FSLBW):
Al =2 E—arccos( 3 ] , ﬂ<< 1
‘ 2 2Nd A

B. Ordinary end-fire array

NULLS (AF, =0):

0, = arccos[l —%gj, where n=1,2,3,... and n# N,2N,3N,

MAXIMA (AF, =1):

8, = arccos[l —%ﬂj, where m=0,1,2.3,...

HALF-POWER POINTS:
6, = arccos[l -

1.3914 zrd
, where — <« 1
T Nd A
HALF-POWER BEAMWIDTH:

a0, = 2arccos[l — <1

1.391/1] wd
zZNd ) A

MINOR LOBE MAXIMA:
2s+1)A
0, = arccos l—u , where s=1,2,3,... and E—d <1
2Nd A
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FIRST-NULL BEAMWIDTH:
Al = 2arccos[l - i)
Nd

FIRST SIDE LOBE BEAMWIDH:
N 2arccos(1 —

3/1] wd
2Nd )’

C. Hansen-Woodyard end-fire array

NULLS:
8. = arccos{l +(1-2n) 4
2Nd

}, where n=1,2,... and n# N,2N,...

MINOR LOBE MAXIMA:
6, = arccos[l—i), where s =1,2,3,... and ﬁ—d <1
‘ Nd A

SECONDARY MAXIMA:
6 = arccos{1+[l . (2m+1)]i}, wilitis m =12, .. a0l Bzl
2Nd A

HALF-POWER POINTS:

6, = arccos {1 - 0.13981], where il <1, N-large
Nd A

HALF-POWER BEAMWIDTH:
a0, = 2arccos(1 —0.1398 i] , where ﬂ <1, N-Large
Nd A
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FIRST-NULL BEAMWIDTH:

N Zarccos[l —LJ
2Nd

4. 3-D characteristics of a linear array

In the previous considerations, it was always assumed that the
linear-array elements are located along the z-axis, thus, creating a
problem, symmetrical around the z-axis. If the array axis has an
arbitrary orientation, the array factor can be expressed as:

N
AF = g ¢/t eos7+h) Zaﬂe L) (16.45)

n=l| n=l1
where a, is the excitation amplitude and ¥ =kd cosy+ 3.

The angle ¥ is subtended between the array axis and the

radius-vector to the observation point. Thus, if the array axis is
along the unit vector a:

a=sin@,cos@ x+sinb, sing,y +cosb, (16.46)
and the radius — vector to the observation point is:
7 =sin@cosPx+sinfsinPy +cosfz (16.47)
the angle ¥ can be found from:

cosy=a-r
=sin@cos@sin @, cos@, X +sin@sin @sin G, sin @, y +cos@cosb,?
= cosy =sin#siné, cos(p— @, ) +cosfcosb, (16.48)
=27 (6,=0°), then cosy=cosf, y=86.
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